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FLUCTUATION SIMULATIONS AND THE
CALCULATION OF MECHANICAL PARTIAL
MOLAR PROPERTIES

PABLO G. DEBENEDETTI

Department of Chemical Engineering, Princeton University, Princeton, NJ 08544,
USA

(Received December, 1987, in final form March, 1988)

A method for the direct calculation of partial molar volumes, energies, and enthalpies in multicomponent
mixtures in which all species have finite concentrations is presented. The approach, which is based on
fluctuation theory, allows the simultaneous determination of the properties of all components in the
mixture. The advantages and limitations of the method are illustrated through the (N, U, ¥) molecular
dynamics calculation of the mechanical partial molar properties of two binary Lennard-Jones mixtures.

KEY WORDS: Partial molar properties, fluctuations, molecular dynamics, grand canonical ensemble.

1. INTRODUCTION

Partial molar properties are defined generically as

a4
i = (—) ()
' aNj T.P.N[j]
where A is an extensive quantity, and N[j] denotes constancy of all N, (moles or
molecules) except for N, (4, j = 1, ..., n). Mechanical partial molar properties

(partial molar volumes, energies, enthalpies) are the natural quantities in terms of
which many thermal and volumetric properties of mixtures can be described. The
temperature and pressure dependence of the solubility of a pure solute in a mixture,
for example, are both functions of the solute’s mechanical partial molar properties in
the given mixture; heat effects and volume changes on mixing are linear combinations
of mechanical partial molar properties; the unusual nature of the environment sur-
rounding solute molecules in dilute mixtures in the vicinity of the solvent’s critical
point was first discussed in connection with experimental measurements of partial
molar volumes of organic solutes in supercritical fluids [1, 2]. The understanding of
partial molar properties from a fundamental molecular perspective is thus of signifi-
cant practical importance.

The computer calculation of a derivative property such as A, can be performed, in
general, in two different ways. In direct differentiation methods [3, 4, 5], the partial
derivative in Equation (1) is replaced by the calculation of a difference in 4 over two
isothermal, isobaric simulations having N, and N, - 1 molecules, respectively, while the
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number of molecules of all other species is kept constant. This approach allows exact
calculation of infinite dilution partial molar properties [3], which are of particular
theoretical significance, for example, in connection with the thermodynamics of dilute
supercritical mixtures [6, 7]. In the simplest case (a binary mixture), partial molar
properties for both components at finite concentrations can be obtained either by
performing a series of simulations, fitting a curve through the calculated 4/N vs. x|
data [N = N, + N,. x; = N,/N], and applying the tangent-intercept rule [8], or by
performing three isothermal-isobaric runs (a “base case” plus one removal/addition
run per species). We are not aware of any reported calculation of partial molar
properties at finite concentrations via direct differentiation in the literature.

In this paper we discuss an alternative approach: the fluctuation method [9, 10]. In
this technique, a fluctuation-explicit operational definition for the partial molar
properly is first derived, and the appropriate fluctuations are then simulated. A
fluctuation simulation allows the simultaneous calculation of the properties of all
components in the mixture under study without numerical interpolation or graphical
differentiation; its duration, furthermore, is independent of the number of com-
ponents in the mixture. Because the calculation of the average of a given quantity
takes considerably less computer time than the calculation of the moments of its
distribution (for a comparable level of accuracy), the advantages of the fluctuation
method (theoretical interest of the operational definitions, computational advantages
associated with the simultaneous calculation of properties for all components and
with the insensitivity of the simulation’s length to the number of components) must
be weighed against the longer duration of individual simulations. The operational
definitions used here contain a built-in consistency constraint: the equation 4 = )
N, {homogeneity condition) is satisfied a priori. This necessary consistency condition
is not satisfied if partial molar properties are computed via non-homogeneous opera-
tional definitions [9].

In what follows, we begin by outlining the methodology and presenting the appro-
priate operational definitions. We then discuss the transient behavior of the calculated
properties. Finally, we illustrate the fluctuation method via a comparative study of the
two asymmetric, binary Lennard-Jones mixtures. The complementary nature of the
fluctuation and direct differentiation methods is addressed in the Conclusion section.

2. METHODOLOGY

The fluctuation method consists of two steps:
i) Derivation of an operational definition
ii) Simulation of the appropriate fluctuations
The operational definitions used here read
l

L_J = d |:Z Xk |A|kj:| [ ; Z{ Xy X]|A‘k1:| (2)

<N> | %

U] = u I:z Xy \Ahq:l [; Zl xkx1|A)k1:| |

k
A (A (8 i)
SESN | =2 — X ‘ -
L BN VR T AT S vl
k 1

(3)
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where x; (i = 1, ..., n) is a mole fraction, { » denotes thermodynamic averaging
within an open control volume V” containing, on average, {N) molecules, |A[; is the
cofactor of the (i, j) element in the symmetric fluctuation determinant, |A|, with
elements

Ay = <5Ni5N]> = <NiNj> - <Ni> <Nj> (4)

)
and (6ESN,> is the covariance of the instantaneous energy, E, and the number of
molecules of species i, N,. The specific energy u, is simply {E>/{N), where {E) is the
average energy of the control volume V.

Equation (2) is the fluctuation-explicit Kirkwood-Buff expression [11] for the
partial molar volume of the /* component in a mixture (j = 1, . . ., n). Equation (3)
is derived in Appendix 1 (see also [10]). These expressions, together with the ther-
modynamic identity
H = U + PV, (5)

]

relate the mechanical partial molar properties to concentration fluctuations and
energy-concentration covariances within an open control volume. Equations (2) and
(3) satisfy the homogeneity constraints

S AN P, ©)
(Ey = Y (N> T, ©)

The implementation of the fluctuation expressions calls for the partitioning of the
periodic box into 4 number of control volumes. Instantaneous compositions and
energies within the control volumes are calculated at each time step, and the appro-
priate pairwise fluctuations, averaged over all control volumes, are then computed
from the identity {(dxdy)> = {(xp> — (xD {y>. Pairwise interaction energies are
divided equally among the control volumes in which a given pair of molecules is
located. If the control volumes are space-filling, it is also possible to partition
configurational energies in proportion to the fraction of the pairwise separation
vector lying within each region. The two recipes become indistinguishable in the
thermodynamic limit. In this work, the former, computationally expendient approach
was adopted (see below for consistency checks.)

The fluctuation-explicit operational definitions [Equations (2) and (3)] can be
implemented via a variety of stochastic or deterministic methods. Here, we discuss (N,
U, V) molecular dynamics. Use of space-filling control volumes then allows us to
equate the specific energy and volume of Equations (2) and (3) to U/N and V/N,
respectively, where N, V, and U are the total number of molecules, total volume, and
total energy of the periodicbox (N = > (N, ¥V =Y N, U = 3 <(Ep;1 = 1,...,
L; L = number of control volumes within the periodic box). Because of Equations
(6) and (7), it is trivially true in (&, U, V) molecular dynamics with space-filling
total energy of the periodicbox (N = Y (N, V =Y V[, U =Y <(E);1=1,...,
L; L = number of control volumes within the periodic box). Because of Equations
(6) and (7), it is trivially true in (N, U, V) molecular dynamics with space-filling
control volumes that U = Y N,U;, and ¥ = 3 N, ¥, (Euler’s homogeneous function
theorem). The same is true for the mixture enthalpy, with the important difference,
however, that the latter is a fluctuating quantity in any constant volume simulation.

The distinguishing feature of the fluctuation approach is that the partial molar
properties of all species are obtained simultaneously, and the calculations are in-
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dependent of the number of components in the mixture. The equation i = Y N.%,
(Euler’s theorem, a necessary consistency condition), is satisfied identically. In addi-
tion, the following independent consistency tests have been performed (9, 10]:

(i) The operational definitions were applied to a “‘trivial”’ Lennard-Jones mixture.
A “trivial” mixture is a one-component system in which molecules differ only
by virtue of their labels (for example, N, ““solute” and N-N, “‘solvent’ molecules
with identical interaction potentials). In such a mixture, U, = U/Nand V, = V/
N, and the partial molar quantities are therefore known a priori. Application of
Equations (2) and (3) gives rise to numbers that can be compared to the exact
values. For N = 256 and N, = 3, 26, 38, 51, and 77, percent absolute errors in
energy and volume were, respectively, (15.3, 13.4),(2.8,0.4), (3.1, 1.3), (4.8, 2.1),
(2.3, 2.3), for the “solute”, and (0.2, 0.2), (0.3, 0.1). (0.5, 0.2), (1.2, 0.5), (1.0,
1.0), for the “solvent™.

(i) The sample size dependence was tested by increasing N from 256 to 500 (and
N, correspondingly, from 77 to 150) for an asymmetric binary Lennard-Jones
mixture in which ¢,/¢, = .597, and o,/0, = .768, at kT/e, = 0.93 £+ 0.03 and
Nai/V = 0.8594. The computed partial molar properties changed by less than
5%.

(iii) The number of control volumes was doubled in the course of two otherwise
identical “trivial” mixture simulations, at k7/¢ = 0.974 + 0.03 and No'/
V' = 0.8594. The computed partial molar properties changed by less than 2.5%.

3. TRANSIENT BEHAVIOR

The most important numerical question assoicated with the method’s implementation
is the relaxation time required for the calculation of fluctuations. We first introduce
the following notation (i = 1, 2; 1 = solute, 2 = solvent)

P* = Ve = t/(l/m/e;)
U* = Ule P* = Paile,
L* = Ul m* = mim,

o* = Naill = 6¢/n ™ = kT/e,

where 1 is the length of the periodic box, t denotes time, m, mass, and ¢. volume
fraction.

Figure 1 shows the time-dependent behavior of the solute’s partial molar volume
over four different (N, U, V) molecular dynamics simulations of binary Lennard-
Jones mixtures having N, solute and (256-N,) solvent molecules, with ¢,/0, = .768,
& les = 597, 1/, = 6.6784, m,/m, = 1.318, and Lorentz-Berthelot combining rules.
The average temperature corresponding to N, = 3, 26, 85, 90, was .938 (+ .03), .939
{+ .03)..921 (£ .02), and 916 (£ .02), respectively. Technical details pertaining to
all simulations discussed in the paper are included in Appendix 2.

After a relaxation time t* = 10, P* is always within 6% of its final value. For the
integration steps used in Figure 1, this corresponds to a number of steps ranging from
22000 (N, = 90) to 37000 (NI = 3). As expected, the magnitude of initial fluctua-
tions in P* decreases as N, increases. Since the calculation of ¥, involves only
concentration fluctuations (i.e., counting molecules within a control volume), the
relaxation behavior shown in Figure 1 is indicative of the time required for molecules
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Figure 1 Transient behavior of the calculated solute partial molar volume. Mixture I (Runs 1, 2, 7, 8).

to mix, and to sample control volumes adequately. The latter time should, in princi-
ple, be related to the time needed for the system to lose memory of a given spatial
configuration. The configurational relaxation can be conveniently represented in
graphical form in a way originally proposed by Panagiotopoulos [12]. Figures 2 and
3 show the coordinates of 256 identical Lennard-Jones atoms [¢* = 0.8594,
T* = 0.974 (+ 0.03)] at different times, plotted against the coordinates at an arbi-
trarily chosen “initial”’ time, and exhibit behavior typical of the systems studied in this
work. After 6000 time steps, t* = 2.71 (Ar* = 4.52 x 10™*). This means that the
relaxation time for concentration fluctuations (Figure 1) is of the order of 3 spatial
configuration memory losses, which suggests that inter-species mixing is a slower
process than spatial relaxation.

Note that the fluctuation-based calculation of partial molar energies [Equation (3)]
involves energy-concentration covariances in addition to pure concentration fluctua-
tions. The time-dependent behavior of the former is illustrated in Figure 4 for a binary
Lennard-Jonesium of 128 solute and 128 solvent molecules, with ¢ /e, = 1, o,/
6, = .768, m,/m, = 1.318, and Lorentz-Berthelot combining rules. The density and
temperature corresponding to this simulation are o* = 0.8594, T* = 1.128 (1 0.03).
Figure 5 shows the time-dependent behavior of concentration fluctuations for a
N, = 85 binary Lennard-Jonesium (Figure 5 and the N, = 85 curve in Figure 1
correspond to identical simulations).

In general, then, the calculation of mechanical partial molar properties via the
simulation of the appropriate fluctuations involves relaxation times of the order of a
few spatial configuration relaxations. This time corresponds to an adequate sampling
of the control volumes within which fluctuations are computed.
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SPATIAL CORRELATIONS AFTER 500 STEPS
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Figure 2 Coordinates of 256 identical Lennard-Jones atoms at successive times plotted against the
corresponding values at un arbitrarily chosen “mitial” time. 7% =~ 0.97(3); ¢* = 0.8594.
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Figure 3 Coordinates of 256 identical Lennard-Jones atoms at successive times plotted against the
corresponding values at an arbitrarily chosen “initial” time. 7% = 0.97(3); ¢* = 0.8594.
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Figure 4 Transient behavior of calculated correlations between energy and component molelule number
fluctuations (per control volume). Mixture IT (Run 12).
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Figure 5 Transient behavior of calculated pairwise concentration fluctuations (per control volume).
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4. RESULTS

Two asymmetric Lennard-Jones mixtures with shifted force potentials [13] were
studied in this work. They are described in Table 1. Phase coexistence boundaries for
these mixtures have been previously obtained [14] via (N, V, T) Monte Carlo simula-
tions. All of the simulations performed performed here were in the single phase
region. The specific studies performed are listed in Table 2. Simulation results are
shown in Table 3.

Enthalpy calculations (Table 3) have significantly larger uncertainties than the
corresponding volume and energy numbers. This is a consequence of the fact that
pressure is a fluctuating quantity in any constant volume simulation [see Equation
(A2-3) and Table A2.1], and implies that quantitative accuracy in enthalpy calcula-
tions calls for isobaric simulations. Fluctuation-based operational definitions for
partial molar enthalpy calculations at finite concentrations in isobaric simulations
have been recently derived [15].

The first eight runs in Table 3 correspond to an isothermal composition change at
constant total number density. The nominal volume fraction based on the solvent’s
Lennard-Jones diameter is given by ¢ = ng*/6. The effective volume fraction
b = Ol(1 — x)) + x,(0,/06,)’] decreases from 0.447 to 0.363 as x, increases from
1.17% to 35.16%, since solute molecules are smaller than solvent molecules. This
gives rise to a pressure decrease, as shown in Table 3. The composition dependence
of the mechanical partial molar quantities i1s shown in Figures 6-8. In all cases, the
homogeneity constraint is satisfied identically (this is true for any simulation result
but not necessarily for the number quoted in Table 3, where results have been rounded
to the last significant digit and the corresponding uncertainty has been included in
parenthesis). If we assign a volume no; /6 to molecules, then each solute molecule
contributes 2.9 times its size to the total volume when the mixture composition is
1.17% solute, and 3.92 times its size for x, = 35.16%. The solvent, on the other hand,
expands from 2.23 to 2.46 times its size when the mixture is expanded by increasing
the solute mole fraction at constant total number density. The slope in the enthalpy
curves reflects the fact that pressure decreases as the solute concentration increases.
For a temperature 7% = 0.94, the kinetic energy per molecule is equal to 1.41 solvent

Table 1 Mixtures Studied in this Work®

a,ja; £,/8; myfm,
Mixture 1 .768 597 1.318
Mixture 11 768 1.000 1.318

{a) Lorentz-Berthelot combining rules were used to obtain o5 and g5

Table 2 Numerical Studies Performed in this Work®

Study (b) Mixture N, o*
1 (runs 1-8) 1 I< N €9 0.8594
2 (runs 9-12) I 15 €< N < 128 0.8594

(a) Average temperatures for studies 1 and 2, were 0.93 and 1.1€. respectively (see Table 3).
(b) See Table 3.
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Figure 6 Composition dependence of partial molar volumes at constant temperature and number density.
Mixture I (Runs 1-8); T =~ 0.93, ¢* = 0.8594. Only maximum error bar shown.
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well depths. Thus, the solute’s configurational energy (or, more appropriately, the
configurational contribution to its partial molar energy) is roughly 2.4 solvent well
depths; for the solvent, this number varies from 4.8 (x, = 1.17%) to 4.2. The ratio
of ocnfigurational contributions to the respective partial molar energies is thus very
similar to the ratio of well depths. The mixture structure is shown in Figure 9. The
method of Theodorou and Suter [16] has been used to extend the computation of g(r)
beyond 0.51 (or, equivalently, beyond 3.34 4,).

Runs 9-12 (Table 3) correspond to an isothermal composition change at constant
total number density, applied this time to mixture 1I, which is asymmetric in size but
symmetric in energy. As before, increasing the solute mole fraction leads to a pressure
decrease. The composition dependence of the mechanical partial molar quantities is
shown in Figures 10-12. Upon expanding the mixture from ¢,z = 0.4356
(x, = 5.86%)to ¢y = 0.3269 (x; = 50%) the solute’s partial molar volume changes
from 3.05 to 3.8 times its size; the solvent’s partial molar volume, from 2.28 to 2.72
times its size. This behavior is very similar to the one exhibited by mixture I,
indicating, in this case, that energetic contributions to the partial molar volume are
of secondary importance when compared to purely geometric factors, such as the size
difference between solute and solvent. At a temperature 7% = 1.15, the kinetic energy
per molecule is 1.725 well depths. The solute’s configurational contribution to its
partial molar energy decreases from 3.86 to 3.41 well depths as ¢.q is reduced from
43.56% to 32.69% by replacing solvent by solute molecules at constant number
density. For the solvent, the corresponding decrease is from 4.58 to 3.90 well depths.
Comparison with mixture I shows that changing ¢, from 0.597 to 1 solvent well depths
has a profound effect on the configurational contribution to U,, and a moderate effect
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Figure 10 Composition dependence of partial molar volumes at constant temperature and number
density. Mixture IT (Runs 9-12); T* = 1.15, ¢* = 0.8594. Maximum error bars shown.
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Figure 13 Pair correlation functions for Mixture 1I (Run 11).

on U,. Because solvent and solute molecules now have identical well depths, differen-
ces between their configurational partial molar energies are entirely due to size
asymmetry. At high volume fraction (low x,), this configurational energy difference
is 0.72 well depths, and it decreases to 0.5 well depths when x, is 50%. This represents
roughly 15% of the respective configurational contributions to the partial molar
energies. The mixture structure is shown in Figures 13 and 14. The former, when
compared with Figure 9, shows the effect of increasing the solute’s characteristic
energy from 0.597 to | solvent well depths (the effective volume fractions in Figures
9 and 13 are 0.363 and 0.358, respectively; note however, the different temperatures).
The first peak in the solute-solute pair correlation functions increases from 2.21 to
2.40; the solvent-solvent peak is reduced from 2.36 to 2.21. Comparison of Figures 13
and 14, on the other hand, shows the effect of diluting the mixture at constant number
density and temperature. Because of the size difference between solute and solvent,

_this leads to an increase in the effective volume fraction from 0.358 (x, = 37.5%) to

0.436 (x, = 5.86%). The ordering arising as a result of this 21.8% increase in the
effective volume fraction can be seen from the growth in the secondary solvent-solvent
and solute-solvent peaks, from 1.10 to 1.22, and from 1.11 to 1.21, respectively, and
from the existence of correlations (g # 1) over distances greater than 0.51.(i.e.,
3.344,).

It is interesting to compare the above discussed simulation results with theoretical
calculations. The recently published version of perturbation theory due to Shukla [17]
has been shown to provide reliable values for a variety of thermodynamic properties
of binary mixtures of atomic fluids (including excess volumes, enthalpies, Gibbs and
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Helmholtz encrgies, as well as chemical potentials), over a wide range of size and
cnergy parameter ratios. The key idea behind this theory is the evaluation of hard-
sphere diameters in such a way as to eliminate the first order correction to the
reference residual free energy [17]. The author is grateful to one of the paper’s referees,
who used molecular parameters as per Table 1 to calculate the Shukla perturbation
theory values for the mechanical partial molar properties of the model shifted Len-
nard-Jones mixtures under study. It should be emphasized, however, that this com-
parison is based on 7* and P*, both of which (but especially the latter) fluctuate in
(N, U, V) simulations (see Table A2.1).

For mixture I (runs 1-8), these calculations yielded average, average absolute, and
maximum percent differences (with respect to simulation values) of [ - 15.61, 15.61,
and — 19.5(F%)],[2.44, 2.44, and 3.88 (F%)][2.34, 12.69, and — 38 (U*)], and[— 3, 3.28
and — 6.03 (U%)]. Not surprisingly, maximum differences correspond to runs [ and 2
(x, < 10.1%). If we consider only simulations for which x, = 15% (runs 3-8), the
corresponding maximum percent differences become — 18.9 (%) and 14.62 (U%).

In the case of mixture I1 (runs 9-12), which is only asymmetric with respect to the
size parameters, the calculations yielded average, average absolute, and maximum
percent differences (with respect to the simulation results) of [—22.03, 22.03, and
—25.15(F*)].[5.08, 5.08, and 5.77 (i%)], [~ 32.64, 32.64, and — 37.08 ({*)], and [7.45.
7.45. and 15.14 (0%)]. Since the fluctuation method is based upon an adequate
sampling of control volumes, it seems plausible to attribute these systematic differen-
ces for mixture Il to increased solute-solute association (and hence decrease in

-mobility), as shown by the already mentioned increase in the first peak of g,.
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5. CONCLUSIONS

Equations (2) and (3) are fluctuation-explicit operational definitions of the partial
molar volume and energy of a component in a mixture. Both relationships were
derived invoking the formalism of the grand canonical ensemble [10, 11]. Equations
(2) and (3) satisfy Euler’s homogeneous function theorem identically (i.e., U = y
UN, V =) V,N) and can be used as a basis for the computer calculatlon of
mechanical pamal molar properties.

The advantages and limitations of the fluctuation method for the computer calcula-
tion of mechanical partial molar properties are, interestingly, complementary to those
associated with the direct differentiation approach. The fluctuation method allows the
simultaneous calculation of the properties of interest for all components in the
mixture. The simulation’s length is completely independent of the number of com-
ponents in the mixture. By contrast, in direct differentiation methods, one particle
addition/removal experiment per component is required. (In the specific case of
binary mixtures, however, simultaneous information on both components can, in
principle, be obtained by applying the tangent-intercept rule [8] to a numerical fit of
the composition dependence of the corresponding extensive property over a series of
isothermal-isobaric simulations, but this approach calls for a large number of inter-
mediate simulations to obtain accurate partial molar properties). The fluctuation
method is ideally suited for the calculation of properties in mixtures where all
component mole fractions are higher than (approximately) 15%. The isothermal-
isobaric particle removal/addition which characterizes the direct differentiation meth-
od, on the other hand, is ideally suited for the simulation of infinitely dilute mixtures,
provided the same pressure is used to simulate both the pure solvent and the solvent
with a single solute molecule. This procedure is clearly approximate away from
infinite dilution. Although no results from (N, P, T) direct differentiation simulations
at finite concentrations are available in the literature, comparisons with perturbation
theory [17] show maximum percent differences of 19% (V%) and 15% (U%) for mixture
I(x, = 15%), and 25% (F*) and 37% (U*) for mixture II.

The fluctuation method, though appropriate for finite concentrations, requires
considerably longer simulations, since the appropriate time scale relevant to the
calculation of a fluctuation, namely, a configurational memory loss, exceeds the
characteristic times required to calculate the corresponding “‘primitive” properties
[i.e., 1({xD) ~ t({y>) < t({xyy — {x>{¥>)]. The meaningful comparison, however,
is between a fluctuation simulation and the number of direct differentiation simula-
tions required to obtain the same information (three for a binary mixture; more than
this number if interpolation and the tangent-intercept rule are used). It is clear that
the fluctuation method becomes more advantageous the greater the number of
components in the mixture under study.

Application of the fluctuation method to the study of two asymmetric model
mixtures resulted in an individualization of distinct size and energy contributions to
a mixture’s mechanical partial molar properties at finite species concentrations.
Systematically planned computer “experiments” such as these can lead to a significant
improvement in our current understanding of the molecular basis underlying the
thermal and volumetric properties of mixtures. The (N, U, ¥} molecular dynamics
implementation of the fluctuation-explicit operational definitions by no means ex-
hausts the method’s possibilities: stochastic and deterministic simulations in which
thermodynamic observables (such as temperature and pressure) are imposed upon the
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mixture under study represent obvious extensions. This is especially important in the
case of enthalpy calculations, where the pressure fluctuations which characterize (N,
U. V) simulations (see Table A2.1) give rise to large uncertainties in the value of the
computed properties (see Table 3). Fluctuation-based operational definitions which
specifically address this problem are discussed elsewhere [135].
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APPENDIX 1

We first express differential energy changes in terms of the independent variables
appropriate to the grand canonical ensemble (f = 1/kT)

ol > i (6 U > < cu ) )
dU = (== dv + { = df + = dfu (A1-1)
(8 V' s B )y ful Zn' P /g ¥ Buli]

where the notation {fu} denotes constancy of all /7, and fuli], constancy of all y,/T
except for u;/T. Application of Euler’s honogeneous function theorem yields

U \ U
-— = —= (A1-2)
("V )ﬂ-lﬂu; v
and. therefore,
AT s~ | OB ‘A1 2
¢ = <[—/> vV + Z (OESN (m . (A1-3)

where we distinguish E, the instantaneous energy of a member of the grand canonical
ensemble from U, its average (thermodynamic) energy (i.e.. U = <{E}), and we have
used the identity [10]

oU ‘
U = (SESN) o
(8ﬂﬂi >B~Vﬁ““]

Both the partial moelar volume and the chemical potential derivative in Equation
{A1-3) can be written in terms of concentration fluctuations through the well known
Kirkwood-Buff expressions [11]

Vj = Vv LZ xk[Aikj:”:Z Z Ay X fAlu] (A1-3)

" IAl; ) ) o ! ;
B <F‘NJ>I".P " = W - <; Xy |A‘ki> (z]: Xy |A|li> [|A| ; ; Xy X |A|kl:| (A1-6)

Substitution of Equations (A1-5) and (Al-6) into (Al-3) yields the desired result
(w = UIN>S Y
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uz xk|A|kj
U = k + Y (BESN;)

! Zk: le X X | Al i

w, (Eosfgam)|
Y (g se)

For a binary mixture, this expression reads
no ulx {(ON2)*) — (1 = x,)X3N 3N, )]
X {ONF ) — 2x(1 — x){ON;6N)> + (1 — %) (ON )
(I ~ x,V'COESN, > — x(1 — x,){SEON,»

—— z 5 (A1-8)
XN — 20 (1 — x)ON 0N,y + (1 — x, ) KON
APPENDIX 2
The equations of motion were integrated via a Verlet scheme [18]
r(t + At) = 2¢(t) — r(t — A1) + %t) AP + O(AF) (A2-1)

where r is the particle position, m, its mass, and F, the force on the particle. A shifted
potential [13], with cutoff at r, = 2.8 ¢, was used throughout. Time steps (A¢) used in
the various simulations, as well as energy conservation, run duration, temperature
and pressure fluctuations, are listed in Table A2.1. In a Verlet algorithm, velacities
(which are not used in the integration of the equations of motion) are obtained from
the approximation

i) = [rt + AD) — 1t — ADJ/(2AY) + O(AP) (A2-2)

Table A2.1 Time Steps, Run Durations, Energy Conservation

Run 10¢ Ar* LSU) Y2 KU (ST) P KTy COP )Y I(PY Duration
(steps)
1 2.74 6.14 x 1073 3.20 x 10 ? 7.95 x 1072 50000
2 3.01 1.04 x 10* 3.14 x 10 ? 1.17 x 107! 50000
3 13.25 295 x 107¢ 3.06 x 1072 1.40 x 107! 30000
4 6.35 3.05 x 10°* 3.03 x 107? 1.61 x 107! 40000
5 6.77 1.73 % 107* 2.88 x 1072 193 x 107! 30000
6 7.82 3.39 x 1074 2.87 x 1072 247 x 107! 30000
7 4.08 1.77 % 107* 279 x 1072 283 x 107! 50000
8 4.50 245 x 107* 276 x 10 2 3.06 x 107! 50000
9 3.41 3.74 x 10°¢ 3.13 x 1072 7.40 x 1072 30000
10 5.33 247 x 1074 2.93 x 1072 1.34 x 107" 30000
11 6.65 2.96 x 10~* 2.72 x 1072 2.34 x 107! 30000
12 7.60 2.90 x 10~* 2,66 x 1072 433 x 107! 30000
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The mechanical partial molar proprerties were computed according to the fluc-
tuation-explicit operational definitions [Equations (2) and (3)], as follows: for each
pairwise fluctuation, <dxdy), cumulative sums of instantaneous values of x, v, and xy
were updated at each step in the simulation, and for each one of the eight space-filling
control volumes into which the periodic box was divided. The required pairwise
fluctuation was calculated by averaging the accumulated sums over all control vol-
umes and over the total number of steps, and computing the quantity {dxdy)> as
{xydy — {x) (¥ (the particular pairwise fluctuations included in Figures 4 and 5 are
extensive: reported numbers are per control volume). In addition, the time evolution
of {dxdr) was monitored by computing the quantity {xv)> — {x) {y) several times
over the course of a run: Figures 1 and 4 were obtained in this way. Calculated
properties are for the shifted-force binary Lennard-Jones mixtures in all cases.

To calculate the error estimates for U, and ¥, reported in Table 3, the partial molar
properties were computed at ten different times during the simulation (see Figures |
and 4). Standard deviations were then calculated over the last few values (typically 5,
never less than three), after the initial transients (see Figure 1 and 4) disappearcd.
Enthalpy errors were calculated from the equation

Ad| = VIAP| + PIAT| + \AT| + \APAT)| (A2-3)

In (N, U, V) molecular dynamigcs, uncertainties in the computed partial molar enthal-
pies are dominated by pressure fluctuations. The latter, as well as temperature
fluctuations were obtained from the quantities (P*> — (P>, (T?> — (T)?, with
averages computed over every step in the simulation. The number of space-filling
control volumes used in this work was 8. Each control volume therefore contained,
on average, 32 molecules. It has already been shown [9] that for N = 256, calculated
partial molar properties are insensitive to a change in the number of control volumes
from 8 to 16. Pair correlation functions shown in Figures 9, 13, and 14 were obtained
by averaging 5000 “snapshots”. The separation range 0 < r < 0.8661 was sampled
in 200 increments of width 4.33 x 107°1; the method of Theodorou and Suter [16]
was used to extend the range of r beyond half a periodic box length (1/2).

All simulations followed equilibration runs in which the system was started from
a face-centered cubic structure, with solute molecules randomly placed within the
regular lattice. A unimodal velocity distribution (37* /m*)' 2 with randomly oriented
components was imposed upon each species. 7* is an “objective” temperature from
which the system was started, and towards which it was brought during the equilibra-
tion run by time rescaling [see Equation (A2-2)]. This “‘thermostatting’’ procedure
can. in theory, lead to numerical instabilities (since velocities are reduced by increas-
ing the time step). but this problem was never encountered in this work. The time step
used in the actual simulation, therefore, varied from run to run (see Table A2.1) and
corresponded to the last time step used during equilibration (several hundred steps
elapsed between the last time rescaling and the end of the equilibration run). Equil-
ibration runs varied in length, but were never shorter than r* = 10 (based on the
nomimal, initial time step), to guarantee the system’s complete memory loss vis-a-vis
its initial configuration.
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